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Fig. 1 Wing rock of the X-29A aircraft4: a) roll damping of
X-29A models and b) wing rock characteristics of the X-29A air-
craft.
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Introduction

A RECENT review1 of wing rock of advanced aircraft, such
as X-29A, X-31, and F-18 HARV, showed that wing rock

occurs � rst at moderate angles of attack2 through dynamic
stall3 of outer wing panels with moderately swept leading
edges. This is illustrated by the experimental results for the
X-29A aircraft4 (Fig. 1). When this type of wing rock was
suppressed by the use of the � aperons, forebody-induced wing
rock occurred at higher angles of attack, a > 35 deg (Fig. 1b).
The driving � ow mechanism for the wing rock at these high
angles of attack is the moving wall effect5 on the forebody
cross� ow separation at a > uA, where uA is the forebody apex
half-angle.6 The wing rock reaches its maximum amplitude at
an angle of attack just below that for which static asymmetric
cross� ow separation occurs,7 i.e., at a < 2uA (Ref. 6). At a >
2uA, the moving wall effect has to overcome the static cross-
� ow asymmetry. This is the reason for the rapid decrease of
the limit cycle amplitude for a > 55 deg in Fig. 1b. In the
analysis in Ref. 1 of the experimentally observed wing rock
of a generic aircraft model8 (Fig. 2), a certain roll-damping
value had to be assumed to obtain a limit-cycle oscillation. In
the wind-tunnel test8 bearing friction could have supplied the
needed roll damping. However, in free � ight, the roll damping
has to be generated by other means to obtain an oscillation of
the limit-cycle type. As discussed in Ref. 1, the only source
of this roll damping at high angles of attack is the deep-stall
damping-in-plunge of the outboard wing sections.

The wing on the generic aircraft model8 (Fig. 2) has a � at-
plate airfoil section. It and the inverted 7.4% Clark Y airfoil
have very similar deep-stall cl(a) characteristics9 (Fig. 3).
Judging by the deep-stall characteristics for the NACA 0012
and NACA 0015 airfoil sections10 (Fig. 4), the mean cl(a)
slope at a > 8 deg in Fig. 3 should give a conservative estimate
for the � at-plate airfoil section, i.e., cla ’ 0.95. As the tangen-
tial force is negligibly small, cna ’ 0.95/cos a. For the plung-
ing wing section during wing rock, the sectional normal force
at the spanwise location y = hb/2, where b is the wing span,
is

c (h) = c zÇ /U (1)n na `

where zÇ is the plunging velocity of the wing section.
For (zÇ /U`)2 << 1 and f2 << 1, where f is the roll angle,

one obtains

ÇzÇ /U = (bf/2U )h cos s (2)` `

where s is the inclination of the roll axis.
Thus, the roll-rate-induced normal force coef� cient on the

spanwise extent dy = (b/2) dh is

Çbf b dh
Dc = c (h) h cos s c(h) (3)n na S D S D2U 2 S`
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where S is the wing reference area and c(h) is the local stream-
wise wing chord. Equation (3) gives

­(Dc ) bn
ÇDc = = c (h)cos s c(h) h dh (4)nf na S DÇ 2S­(bf/2U )`

For a tapered wing with tip chord ct, straight trailing edge,
and leading-edge sweep LLE, i.e., the wing geometry of the
generic aircraft model8 in Fig. 2, one obtains

c(h) = c 1 (b/2)(1 2 h)tan L (5)t LE

Assuming that the load distribution is elliptic (at constant angle
of attack along the span), one obtains

2 1/2c (h) = c (0)(1 2 h ) (6)na na

The contribution to the roll-damping derivative is

Ç ÇDc f = 2Dc f(b/2)h/b (7)l n
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Fig. 2 Wing rock of generic aircraft con� guration.8

Fig. 3 cl(a) characteristics for inverted 7.4% Clark Y and � at-
plate airfoils.9

Fig. 4 cl(a) characteristics from a = 0 to 90 deg for NACA 0012
and NACA 0015 airfoils.10

Fig. 5 Computed wing rock time history at a = 35 deg.1

Combining Eqs. (4 – 7) gives the following expression for
the roll-damping derivative:

1 1

h b 2ÇÇc = 2 Dc f = 2 c (h)cos s c(h) h dhlf n naE E S D2 2S0 0

2b pc p 1t
= 2 c (0)cos s 1 2 tan Lna LES D FS D S D G2S 16b 32 15

(8)

For a straight wing, where LLE = 0 and ct = c, Eq. (8) gives

Çc = 2(p/32)c (0)cos s (9)lf na

For the generic aircraft model8 (Fig. 2), where LLE = 26 deg,
b2/S = 0.336, and ct /b = 0.116, Eq. (8) gives

Çc = 20.022c (0)cos s (10)lf na

In the computation1 producing the results shown in Fig. 5,
= 20.018 was assumed, giving a limit-cycle amplitude ofÇc fl

32 deg. The measured amplitude8 for the circular cross section
(Fig. 2) is 24 deg at a = 35 deg, not 32 deg. According to

an earlier discussion, cna(0) = 0.95/cos s, which in Eq. (10)
gives = 20.021. Using this value rather than = 20.018Ç Çc f c fl l

would have resulted in a predicted limit-cycle amplitude of 27
deg rather than 32 deg (Fig. 5). The remaining difference could
probably be accounted for by the ball-bearing friction present
in the wind-tunnel test.8 The results in Fig. 4 show that for a
� ight vehicle with a NACA airfoil wing section the deep-stall
cl(a) slope would be much larger than 0.95, resulting in a
predicted limit-cycle amplitude substantially lower than 27
deg.

Conclusions
A simple one degree-of-freedom analysis has demonstrated

that the limit-cycle roll oscillation observed in wind-tunnel
tests of a generic aircraft model will also occur in free � ight,
in which case the roll damping needed to establish the limit-
cycle type of oscillation is provided by the deep-stall damp-
ing-in-plunge of the streamwise wing sections, without any
assistance from the frictional type of damping present in
wind-tunnel tests.
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Nomenclature
b = wing span
CT = leading-edge thrust coef� cient
c = chord
cs = sectional leading-edge suction coef� cient
ct = sectional leading-edge thrust coef� cient
kp = potential constant
q = dynamic pressure
S = wing area
t = sectional leading-edge thrust
U` = freestream velocity
w = downwash velocity
x = chordwise direction
y = spanwise direction
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a = angle of attack
G = vortex circulation
g = vorticity per unit length
« = wing apex half-angle
L = leading-edge sweep angle
r = density

Subscripts
L.E. = leading edge
v = vortex

Introduction

T HE leading-edge suction analogy of Polhamus1 provides
an accurate means by which the aerodynamics of slender

sharp wings may be estimated. Slender swept wings typically
have � ow� elds dominated by conical leading-edge vortices.
The basic tenet of the suction analogy is that the leading-edge
suction force through enforced leading-edge � ow separation,
in combination with sweep, is effectively rotated through 90
deg to the plane of the normal force, and manifests as the force
required to effectively maintain equilibrium of the vortex
above the wing. The analogy does not, however, yield infor-
mation on the leading-edge suction distribution or vortex char-
acteristics.

Use of a panel method allows determination of the leading-
edge thrust or suction distribution by using the computed at-
tached � ow sectional lift and vortex drag at each spanwise
station. The leading-edge suction distribution may also be de-
termined analytically, using an expression derived by Purvis2

for arbitrary planforms. To calculate the strength of the lead-
ing-edge vortex, a panel method may be employed, with var-
ious methodologies being used to estimate the vortex strength,3

e.g., calculating the velocity above and below the leading-edge
wake. Euler and Navier– Stokes solvers can also be used to
determine the vortex properties, but are computationally ex-
pensive and sensitive to the grid employed.4 None of these
computational methods, however, show explicitly the func-
tional relationship of vortex strength to parameters such as
wing leading-edge sweep, a, and chordwise location.

Helmholtz’ vortex theorems ensure that the rate of change
of the spanwise load distribution relates to the rate at which
vorticity is shed from a wing’s trailing edge (g = 2dG/dy).
Thus, it may be analogous to assume that the rate of change
of the leading-edge thrust distribution relates to the rate at
which vorticity is shed from the leading edge, and conse-
quently, into the leading-edge vortex. Using this analogy, com-
bined with the aforementioned expression of Purvis2 for the
leading-edge suction distribution, allows the derivation of an
expression to estimate the leading-edge vortex chordwise cir-
culation distribution. In this Note, an expression is derived to
estimate the strength of the leading-edge vortex of delta wings.
The vorticity shed from the wing leading edge is related to the
rate of change of the wing leading-edge thrust, yielding an
expression for g, which can be integrated to yield vortex cir-
culation. The form of this expression allows derivation of two
equations for the potential constant or attached � ow lift – curve
slope of delta wings.

Hemsch and Luckring5 have derived an expression using a
Sychev similarity parameter to estimate the strength of the
leading-edge vortex at the wing trailing edge. Using this ex-
pression it is possible to estimate the strength of the vortex
along the wing. This does, however, require the assumption of
conical � ow (i.e., G } x), and two empirical constants.

Discussion of Method
Using the Kutta – Joukowski theorem to calculate the lead-

ing-edge thrust associated with the freestream parallel to the
chord gives

dG
d t = r(U sin a 2 w) dy (1)`

dy


